We study the anomalous Hall effect in monolayers of transition-metal dichalcogenides 2H-M X2 (M =Mo, W, and X=S, Se, Te) under a proximity effect of ferromagnetic substrate. If a proximityinduced exchange field is introduced, the spin-polarized energy bands in K and K ′ valleys are shifted in the opposite directions, and it causes the Hall effect by breaking time-reversal symmetry. The induced Hall effect is the most prominent in the valence band which has a large intrinsic spin splitting. Moreover, we find that tilting the magnetization from the perpendicular direction gives rise to a sensitive change in the Hall conductivity only in the electron side, and it is attributed to the mixing of the Berry phase by the in-plane field in the nearly degenerate conduction bands.
I. INTRODUCTION
Monolayers of transition-metal dichalcogenides (TMDCs) are atomically thin semiconductors with a direct energy gap at two symmetric points K and K ′ (called valleys) in the first Brillouin zone [1] [2] [3] [4] . The lowenergy electronic states can be described by the massive Dirac Hamiltonian, where the eigenstates have nontrivial Berry phase [5] [6] [7] [8] . The Berry phase leads to valley Hall effect in which the two valleys contribute to the opposite Hall currents 7 , while the net Hall conductivity exactly vanishes due to time-reversal symmetry. The valley Hall effect in TMDC was experimentally detected by using the optical technique, where time-reversal symmetry is explicitly broken by the circular polarized light. 7, 9, 10 . In this paper, we theoretically investigate the anomalous Hall effect in the monolayer 2H-TMDC placed in close proximity with a ferromagnet. In the intrinsic TMDC monolayer, the energy bands of K and K ′ valleys are spin-split in the opposite directions due to the spin-orbit interaction. 11, 12 If a proximity-induced Zeeman field is introduced to the system, the band edges in the two valleys are shifted in the opposite directions in energy, and it leads to a static net Hall current by breaking the intervalley balance. The Hall conductivity becomes the maximum near the valence band edge due to the large intrinsic spin split. The effect in the conduction band is strongly depending on the transition-metal atom, where the Hall conductivity in MoX 2 is similar to the valence band with the opposite sign and the effect in WX 2 is relatively weaker in the conduction band where the two spin states are nearly degenerate because still the difference in the effective mass causes a finite Hall conductivity.
The Hall effect is mainly caused by the magnetization component perpendicular to the layer, i.e., parallel to the spin splitting direction in the TMDC monolayer. However, we also find that tilting the magnetization from the perpendicular direction gives rise to a sensitive change in the Hall conductivity in the electron side. The effect is prominent particularly at the crossing point of two spin branches of the conduction band, where the Hall conductivity in the perpendicular magnetization nearly vanishes by only a few degree tilt. The sensitive response to the magnetization direction is attributed to the mixing of the Berry phase in the two spin states by the in-plane field.
Generally, the anomalous Hall effect occurs in the presence of spin-orbit coupling and magnetization.
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The proximity-induced anomalous Hall effect was also studied for graphene on the ferromagnetic substrate theoretically 14, 15 and experimentally 16 , where both the spin-orbit coupling and the magnetization are externally induced by the ferromagnetic substrate. The anomalous Hall effect studied here relies on the intrinsic strong spinorbit coupling and intrinsic Berry phase at two valleys, a characteristic property, in TMDC.
II. EFFECTIVE HAMILTONIAN
We consider the electric states near the band edge in the monolayer 2H-TMDC, which can be described by the effective Hamiltonian for the relative wave vector k with respect to the valley points 7, 17 ,
The first and the second terms are the band Hamiltonian without the spin-orbit coupling, where the v and ∆ are the parameters for velocity and gap, respectively, τ = ±1 are the valley indexes for K and K ′ , respectively, and s µ is the Pauli matrix in the spin space. σ µ is a Pauli matrix defined for two bases of the atomic orbitals d 0 and d ±2 for τ = ±, respectively, where d j is the d-orbital of the transition-metal atom with the orbital angular momentum j. Third term in Eq. (1) represents the spin-orbit coupling which is represented by a product of the spin angular momentum s z and the orbital angular momentum σ z − 1 with the coupling constant λ v . Forth term is also spin-orbit coupling associated with the spin-splitting in the conduction band, where the coupling is attributed to mixing with high-energy atomic orbitals and the coupling constant λ c is smaller than λ v .
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When the monolayer TMDC is placed on the ferromagnetic substrate, the magnetic exchange potential penetrates into the atomic layer, and it leads to a Zeemantype spin splitting depending on the magnetic moment in the substrate 19, 20 . When the ferromagnetic substrate is homogeneous, the induced potential is also homogeneous, and it is given by
where the exchange field M µ is proportional to the magnetic moment in the ferromagnetic material. The proximity Zeeman effect was reported in a non-magnetic two-dimensional material on ferromagnetic substrate e.g. EuO or EuS [20] [21] [22] [23] . A recent numerical calculation has shown the possibility to induce a large exchange potential ∼ 40meV in monolayer MoTe 2 on EuO 24 . Generally, the induced spin-dependent potential is smaller than ∆ ∼ O(1) eV and λ v ∼ O(100)meV, which characterize the insulating gap and the spin splitting, respectively.
III. ANOMALOUS HALL EFFECT INDUCED BY OUT-OF-PLANE MAGNETIZATION
First, we consider the anomalous Hall effect induced by out-of-plane magnetization, H m = −M z s z . The exchange potential leads to the energy shift of electric states depending on its spin as,
where k = k 2 x + k 2 y and λ ± = λ v ± λ c . We show the schematic picture of the band structure for a monolayer TMDC with the exchange potential in Fig. 1 . The electronic conduction and valence band are split into four edges by λ α and M z , and
respectively. The Hall conductivity is a summation of the Berry phase over the occupied states as,
and
where
is the Berry curvature of the eigenstate |u ± α , k in the conduction band (+) and valence band (−), and n F (E) is the Fermi distribution function. The out-of-plane exchange field merely shifts the energy band for each spin, and thus the Berry connection for (s z , τ, k) is equivalent to that in M z = 0 7 . The Hall conductivity summed over the conduction and valence bands in each spin / valley sector can be explicitly written as,
where We plot the net Hall conductivity σ xy (E F ) and the component parts σ sz ,τ xy (E F ) in Fig. 2(a) and (b) , respectively, where we assumed M z = 20meV and the material parameters of MoTe 2 in Table I . Here, the exchange potential M z = 20meV is in the experimentally feasible range in the magnetic proximity effect simulated by a first principle calculation 24 . In the intrinsic TMDC, the Hall conductivity of (K, s z ) exactly cancels with that of (K ′ , −s z ) because of time-reversal symmetry. The exchange potential M z breaks the balance between them by shifting the band energies as shown in Fig. 1 . In Fig.  1(b) , we actually see that the Hall conductivity curves of (K, s z ) and (K ′ , −s z ) horizontally slide in the opposite directions, resulting in a finite net Hall conductivity. The non-zero σ xy is observed only inside the conduction and valence band, i.e., finite doping, while the value inside the gap is quantized and never changes from zero.
The induced Hall conductivity is well approximated by the lowest order in the exchange potential M z , under the realistic experimental condition of M z ≪ λ v and M z < λ c for molybdenum compounds. The approximate expressions at the band edges are given by . These characteristic behaviors can be observed within experimentally feasible carrier doping. The carrier density corresponding to the characteristic band energies can be written in the lowest order of M z as,
The required carrier density for the furthest energy E − 4
at M z = 0 and E − 2 at M z = 20meV is listed in Table II . The Hall conductivity in the conduction band of tungsten dichalcogenides WX 2 is qualitatively different from the case in MoX 2 . The spin-splitting in the valence band, λ v , is much greater in WX 2 than in MoX 2 . On the contrary, the conduction band splitting λ c is highly suppressed in WX 2 when the Fermi energy is crossing the conduction band. 18 . The theoretical estimation of the spin splitting is given in Table I , where λ c is negligibly small for WX 2 . Therefore, the band bottom in the conduction band is nearly spin-degenerate at M z = 0, and it is split into
as shown in Fig. 3 . In Fig. 4 , we give the numerical result of Hall conductivity in WSe 2 with M z = 20meV. The behavior in the valence band is qualitatively similar to MoTe 2 in Fig. 2 . On the other hand, a non-zero Hall conductivity is still remaining in the conduction band, even though the band edges are nearly valley degenerate as shown in Fig. 4 . This is because the conduction bands of K and K ′ have the different band masses, and thus the different energy dependences of the Hall conductivity.
The Hall conductivity and charge density at the conduction band edge E + 2 are approximately expressed as
respectively. The values estimated for several materials are listed in Table I and II. Note that 2H structure is not the most stable phase in tungsten ditelluride WTe 2 , and thus the fabrication of 2H-monolayer of WTe 2 needs the structural transition between 1T' to 2H.
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IV. EFFECT OF TILTING OF MAGNETIZATION
Next, we consider the Hall effect induced by a tilted magnetic moment to the atomic layer, where the magnetic exchange potential in Eq. (2) couples to both the out-of-plane spin and in-plane spin components. This effect is particularly important in TMDCs with small spin splitting in the conduction band, e.g., WX 2 , so in the following discussion we assume λ c = 0 for simplicity. In Fig. 5(a) , we show the numerically calculated Hall conductivity for WSe 2 in M = |M | = 20 meV with tilting angle θ = 0
• and θ = 15
• . In the presence of the in-plane field, we observe a sharp peak slightly above the edge of the conduction band, at which σ xy reaches nearly zero. There is no remarkable change in the hole side. Fig. 5(b) presents the plots around the conduction band bottom for different angles. In increasing θ, the peak width is gradually broadened, and at the same time the overall amplitude of the Hall conductivity is reduced in accordance with the decrease of the out-of-plane field M z = M cos θ. At θ = 90
• , the Hall conductivity is zero everywhere.
In Fig. 6 , we compare the energy band and the Hall conductivity in the electron side, at M = 20 meV and θ = 15
• . In the band structure, we notice that the heavy band (spin down) and light band (spin up) intersect at K valley, and the position of the Hall conductivity dip actually coincides with the crossing point. The band intersection appears only in K valley because there M z shifts the heavy electron band upward and the light electron band downward. In K ′ , the movement is opposite and no intersection occurs.
To further explain the origin of the Hall conductivity dip, we plot in Fig. 7 the detailed band structure and the Hall conductivity components for different bands. At K, the heavy band and light band are slightly anticrossing due to the hybridization by the in-plane field M = M sin θ. At K ′ , on the other hand, the two bands remain isolated and the effect of M is minimal. In each valley, we label the upper and lower branches as band 2 
↓ (k)), as
. (14) Here, ∆E which are defined by
It is straight forward to check
In Fig. 7 , we see that θ 1 (k) + θ 2 (k) shows no special feature at the anti-crossing point, naturally because the sum does not depend on M according to Eq. (17) . However, the Hall conductivity is defined by the summation of the Berry phase at the same Fermi energy, but not the same k. In the left figures of Fig. 7 , we plot θ j (E F ) by translating k to E F using the energy dispersion. Now we see that the summation θ 1 (E F ) + θ 2 (E F ) slightly sinks at the anti-crossing point of K valley. This is because E F corresponds to the different k's in the two bands (red and green points in Fig. 7 , and this breaks the cancellation of M dependent term in Eq. (17) . While the dip in Fig.  7 looks tiny, the back ground part is mostly cancelled in the summation with K ′ , and we are left with a prominent dip observed in Fig. 6 .
Finally, we derive an analytic formulation of the dip structure in the Hall conductivity by expanding Eq. (14) at the band crossing point of K valley. We define the momentum crossing point (i.e., ∆E 
and v ↑ and v ↓ are the band velocities of E + ↑,+,k and E + ↓,+,k at k = k 0 , respectively. After some algebra, we have,
where λ = λ v . In Fig. 8 
The width of the Lorentzian is given by M ∆/λ, and it is broadened linearly in increasing the in-plane magnetization M . The height, (e 2 /h)4λM z /(∆ 2 − λ 2 ), coincides with ∼ −σ xy (E + 2 ) in Eq. (9) , and this is why the total Hall conductivity nearly vanishes at the peak center. The band crossing and the sharp behavior in Hall conductivity also occur in molybdenum compound, but it appears at higher Fermi energy due to the intrinsic spinorbit splitting λ c .
V. CONCLUSION
In conclusion, we consider the anomalous Hall effect in monolayer 2H-TMDCs under the external exchange field, and propose that the Hall conductivity can be induced by the magnetic proximity effect. The induced Hall conductivity is found to be of the order of (e 2 /h)(M z /∆), and it should be observable in the realistic situation with M z ∼ a few 10 meV and ∆ ∼ 1 eV. We also found that the tilt of the magnetization induces a sharp peak structure in the Hall conductivity in the electron side as a function of the Fermi energy, and explained it in terms of the Berry phase mixing by the in-plane field. The present work provides a simple and independent method to detect the intrinsic Berry phase of the 2H-TMDC monolayers by usual Hall measurement. The proximity Hall effect should generally occur in other 2D materials with the spin-orbit coupling, and we expect that this would be used as a general approach to probe the intrinsic Berry phase. The detailed study on the proximity Hall effect in other 2D materials is left for future work. • .
